Concept of Relations and Functions

1 Mark Questions

less than 5.
.. a can take values 2 and 3.

Then, R={(2,2°),33)}= {28),(327)}
Hence, the range of Ris {8,27}. (1)

2. Iff:{13,6}—{12,5}andg:{1.2,5} - {1,3}
given by f ={(1,2),3,5), (4,1)} and
g ={(1,3),223),(5,1)}. Write down gof.
All India 2014C
The functions f:{1,3,4} — {12,5} and
g:{12,5} — {13} are defined as
f ={12),3,5),(41} and g ={(13),(2,3), (5,1}
gof =g (fN)}=g(2)=3
[ f(1)=2 and g(2) = 3]
gof(3) = g(f(3)) = g(5) =1
[ f(3) =5 and g(5) =1]
gof (4) = g(f(4)=g()=3
| [ f(4) =1and g(1) = 3]
gof ={(13), 3,1), (4, 3} (1)

3. Let Ris the equivalence relation in the set
A={0,1,23,4,5}given by R={{a,b): 2 divides
(@ — b)}. Write the equivalence class [0]
Delhi 2014C

. Given, R ={(a, b):2 divides (a—b)}

Here, all even integers are related to zero, i.e.
(O, 2)(0, 4).

Hence, equivalence class of [0] = {2,4} (1)
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4, IfR={(x,y): x+2y = 8}is a relation onN,
then write the range of R All India 2014

-Given., the relation R is defined on the set of
natural numbers, i.e. N as

R={(x,y):x+2y=28}

To find the range of R, x+2y =8 can be

: 8 — x

rewritten asy = 3 .

On putting x=2, we gety = §_‘—2_2 =3

On putting x =4, we gety = 8—511:2

. 3 8-6

On putting x =6, we gety = e =

As, x,ye N, then R={(2,3)(4,2)6,1)}
Hence, range of relation is {3, 2, 1}. (1)

5. fA={1,2,3), B={4,5,6,7}and
f ={(1,4),2,5),3,6)}is a function from Ato

B. State whether fis one-one or not.
All india 2011

Given,A={1,2,3} andB={4,5,6, 7}

Now, f : A — B is defined as
f={0,4,@2,5),3,6)}

Therefore, f(1) = 4, f(2) =5 and f(3) = 6.

It is seen that the images of distinct elements of
A under fare distinct.So, f is one-one. (1)
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6. Iff: R— Ris defined by f(x) = 3x + 2, then
define f[f(x)] Foreign 2011; Delhi 2010

Given, f(x)=3x+2
Now, f[f(x)]=f3x+2)=33x+2)+2
=9x+6+2=9x+8

7. Write fog ,iff: R— Randg: R— Rare given
by f(x) = |x| and g{x)=|5x — 2| Foreign 2011

Given, f(x)=|x|, g =|5x—2|
Now, fog (x) = f[g(x)] = f{|5x — 2|}
=||5x - 2{}=|5x - 2]

8. Write fog, if f : R— Rand g :R— Rare given
by f(x) = 8x® and g(x) = x*/>. Foreign 2011

Given, f(x)=8x>and g(x) = x”3ﬂ |
Now, fog (x) = f[g(x] = f(x"3) = 8(x"3)® = 8x(1)

9, State the reason for the relation Rin the set
{1, 2,3} given by R={(1, 2), (2, 1)} not to be
transitive. ' Delhi 2011

We know that, for a relation to be transitive
(x,y)e Rand (y, z) e R

— (x,z) e R _
Here, (12)eR and (2,1)eR but (1) ¢R
Hence, Ris not transitive. (1
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10. Whatis the range of the function

X - | Delhi 2010; HOTS
: _ | x -1
Given, function is f(x) = M1
X—1

The above function may be written as

—}-(—-"—], if x>1
B ),ifx<1
X—1
- f(x)=<1' if x>1
-1, if x<1

Range of f(x) is the set {— 1, 1}.

11. Iff: R— Ris defined by f(x) = 3 — x*}*3, then
find fof (x). All India 2010

Given, function is f:R— R such that
f(x) = (3 — x)"°.
Now, fof (x) = f[f(x)] = (3 - x*)"]
=[3- {3 - )PP
=B-3-1" ="
= X (1)
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12. If f is an invertible function, defined as

flx) = 3x— 4 ,then write f~ 1(x) Foreign 2010
. 3x — 4 - ;
Given, f(X = =" and is invertible.
3Ix — 4
Let V= = = 5y=3x-4
= 3x=5y+4 = x:5y3+4
. S5v + 4
=222 o =22

13. Iff:R— Randg: R— Rare given by
f(x) = sin x and g(x) = 5x°, then find gof(x).
Foreign 2010

Given, f(x) = sin x and g(x) = 5x°.

gof(x) = g[f(x)] = g(sin x)
= 5(sin X)* = 5 sin? x

14. If f(x) = 27x> and g(x) = x*/3, then find gof (x).
Foreign 2010
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Given, f(x) = 27x° and g(x) = x">.
gof(x) = glf(x] = g27x°)
— (2 7x3)1f3 - (2 7)1/3 i (x3)1/3
= (35 . (,3) = 3¢
gof(x) = 3x

15. If the function f : R— R, defined by

f(x) = 3x — 4is invertible, then find f~.
All India 2010C

Civen, function is f(x)=3x—-4 and is

invertible.
Let y=3x—-4 = 3x=v+4
y+ 4
= X =
3
) = X—“;—f‘- = Plig=F5% m
16. Iff : R— Rdefined by f(x) = > is an

invertible function, then find f~(x)
All India 2009C

Do same as Que 12. [Ans. 2x3— 5]

17. State whether the function f : N — N given by

f(x) = 5xis injective, surjective or both.
All India 2008C; HOTS
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(’") For iﬂJEC‘tIVE functson it should be one-one and
i - for surjectwe functlon lt shouid be onto

Given function is f(x) = 5x.

As, fx;) = f(x,) = 5x; = 5x,
= X; =Xy, VX, Xp €N
So, f(x) is an injective function. (1/2)

Also, range of f(n) =5n,ne N.

But codomain =N

- Range # Codomain

. f(x) is not surjective.

Hence, the given function is injective.

18. If f : R— Rdefined by f(x) = is an

invertible function, then find f~*(x).
Delhi 2008C

4x + 7
Do same as Que. 12. [Ans. 7 ]

4 Marks Questions

19. If f:W — W, is defined as f(x) = x -1, if x is odd

and f(x) = x+1, if xis even. Show that f is
invertible. Find the inverse of f , where Wis
the set of all whole numbers. Foreign 2014
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f:W — W is defined as
{x —1,if xis odd

x + 1 if x is even

f(x) =

First, we need to show that f is one-one.

Let f(x) = f(x,)

Case 1 When x, and x, are odd.

Then, f(x))=1f(x;) = x-1=x;—1

= X; =X, V %, X, €W (1)

Case Il When x, and x, are even.

Then, f(x,) = f(x,)

= Xpt1=xy +1

— X; = X5, V X5, X €W

So, from case | and 1I, we observe that
fix)=f(x,) =>x,=Xx,eW

Hence, f(x) is a one-one function. (1)

Now, we need to show that f is onto.

Any odd number 2y + 1, in the codomain W, is
the image of 2y in the domain W.

Also, any even number 2y in the codomain W,
is the image of 2y -1 in the domain W.

Thus, every element in W (codomain) has its
image in W (domain).

So, f is onto. Therefore, f is bijection. So, it is
invertible. (1)
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Let x,y € W, such that
fx)=y
= x —1=vy,if x is odd
x+1=vy,if x is even
y +1, if yis even
= x"’{y—i, if y is odd

Clearly, f = (1)

20. If f,g : R— Rare two functions defined as
f(x) =|xHxand g(x) = |x|-x,V x € R, Then, find

fog and gof. All India 2014C
Given, f(x) = M +x and g(x |x! —x for all
x e R. -
2x, x>0 0 x>0
= ! d =4 1)
adlo {0, X < 0} Anc g {—2)(, X 0} :

Thus, for x>0, gof (x) = g(2X) =
and for x<0, gof(x) =g =0

= gof(x) =0,V xe R (1%2)
and for x>0, fog (x)=10)=0
for x<0,fog (x)=f(=2x)=— <
0 x>0,
= - (1%
. log (X {—4}(, x<0 | g

21. If Ris a relation defined on the set of natural
numbers N as follows: -

R={(x,y),xe N,Y e N and 2x+y = 24}, then
find the domain and range of the relation R
Also, find if R is an equivalence relation or
not. Delhi 2014C
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Given R={(x,y), xe N,y e N and 2x +y = 24}

When, x=1=y=22;x=2=y=20
x=3y=18 x=4= =186
x=5=2y=14x=6= =12
x=7=y=10;x=8 =y =8
x=9=y=6x=10=y=4
x=11=2y=2

So, domain of R=1{12,3,....,11}.

and range of R = {2,4,6,8,10,12,14,16,18,20,22}

and R= {(1,22)(2,20)(3,18)(4,16)(5,14)(6,12)

(7.10)(8.8)(9,6)(10,4)(11,2)} (1

Reflexive .

Since, for a e domain of R, (a, a) ¢ R.

Hence, Ris not reflexive. &)

Symmetric

Since, (122) e Rbut (22,1) ¢ R.

Hence, R is not symmetric (1)

Transitive

There are no elements such that that (a, b) € R
and (b,c)e R=(a,c)e R Hence, R is not
transitive and so, it is not an equivalence
relation. (1)

22. IfA=R—{3}and B=R-{1}. Consider the

function f : A— B defined by f(x) = 2— £ for

a||1 x € A Then show that f is bijective. Find
f(x). Delhi 2014C; Delhi 2012
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Given, function isf : A— B, where A =R — {3}

-2
and B = R — {1}, such that f =22,
X—23
One-one Letf(x) = f(xz) V X, X, €A
=
x.1—3 X --3
= (X, —2) {x; = 3) =(x, = 2) (x; = 3)
— X1X2 = 3)(-[ —2X2 s 6 - X-IXQ e 3X2 =4 le -2 6
= = 3x; — 2Xy = — 3%, — 2X
= —(X; = x,)=0

f(x,) = f(X,) = x; = X3, V Xy, X5 € A. 50, (X} is
a one-one function. (1%2)
Onto To show f(x) is onto, we show that
range of f(x) and its codomain are same.

Now, let y:x*?' = Xy —-3y=x—2

=5 Xy—=x=3y—2 = x(y—-1)=3y-2
3

= MR (0
y=1

Since, xeR—1{3}, V yeR-{1}, so range of

f(x) =R - {1}.

Also, given codomain of f(x) =R — {1}
Range = Codomain

Hence, f(x) is an onto function. (1%)

Therefore, f(x) is an bijective function.

From Eq (i), we get

(y) -2 s Mg 3x -2
y—1 X =1
which is the inverse function of f(x). (1
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23. IfA={1,2,3,...,9}and R be the relation in

A x Adefined by (@ ,b) R{c,d).Ifa+d =b+¢
for (a,b), (c,d) in A x A Prove that Ris an
equivalence relation, Also, obtain the
equivalence class [(2, 5)]. Delhi 2014

Given, relation R defined by (a, b) R (c, d), if
a+d=b+cfor(a, b),(c,d)in AxA.

Here, A={12,3,....,9}

We observe the following properties on R:
Reflexive Let (1, 2) be an element of A x A.
Then, (L2)eAXA = 12€A

= 1+2=2+1 [ addition is commutative]
= (1 2)R(, 2) |
Thus, (1 2)R(1,2),V(12)e AX A

So, R is reflexive on A x A. (1)
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Symmetric Let (1,2),(3, 49 e AxX A such that

(12)R(3, 4
Then, 1+4=2+3
= 3+2=4+1 [ addition is

commutative]

= (3,9R({2)

Thus, (1,2) R(3, 4)

=3, 49R(1,2),V(1,2),3 deAxA

S0, Ris symmetric on A x A. (1)

Transitive Let (1, 2),(3,4),(5,6)e AXx A such
that (1, 2) R(3, 4) and (3, 4) R (5, 6). Then,

(12)R(3, 4

= 1+4=2+3
(3,4 R(5,6)
= 3+6=4+5
= (1+49+3+6=2+3)+(4+5)
=5 1+6=2+5 = (12)R(5,6)

Thus, (1, 2) R(3, 49 and (3, 49 R (5, 6)
=(,2)R(5,6),V(1,2),3,4,5,6c AxA

So, R is transitive on A x A. (1)
Hence, it is an equivalence relation on A x A.
Equivalence class containing element x of A is
givenby [xlg ={y:(x, y) e R}

Hence, equivalence class
[2,5]=1{(14,2,5),(3,6),(4,7),5,8),6,9)}

24. If the function f : R—— Ris given by
f(x)=x?+2andg:R— Ris given by

g (x) = ; x#1, then find fog and gof and

hence, find fog (2) and gof(-3).  All India 2014
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We have f(x) = x* + 2 and g(x) = —x—-i; X1
x_

Since, range f = domain g
and range g = domain f

. fog and gof exist.
For any x € R, we have {fog)(x) = f[g(x)]

2
_ f[i] _ (_"__J 5%
X —1 x—1
=x?+2u-02=x2+ﬂﬁ+4—2m
(x = 1)2 (x —1)?

_3x2 42~ 4x
(x — 1)

Get More Learning Materials Here : & m @) www.studentbro.in



.. fog :R — R is defined by
x2 = 4x + 2
| (x=1)%
For any x € R, we have
(gof)(x) = glf(x)]

(fog)(x) = 3 ,VxeR (D) (1)

*+2 x*+2

=glx* +2] = = (1)
i M
.. gof : R — R is defined by
2
goh =12 vxeRr i)
X°+1

On putting x = 2 in Eq .(i), we get
3x(2)°-4Q2)+2 3x4-8+2

fog(2) =
2 -1 m?
(1)
=12-6=6
On putting x = - 3 in Eq. (ii), we get
~3)% + 2
(g3 = =2
(=3)° +1
9+2 11
o o (‘I)
9+1 10
25. fA=R-{2}and B=R-{1}.Iff:A—> Bisa
function defined by f(x) = x_—_; then show
that f is one-one and onto. Hence, find .
Delhi 2013C
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Given, f(x)= i)

. and f: A— B, where
X_....
A=R-{2}andB=R-{1}.

One-one Let f(x,) =f(x,), V x;, X, € A

= (1/2)

= (x;=1)(x; =2)=(x; = 1) (x4 =2)
= XXy —2X; = Xo +2= XXy~ 2Xy = Xy +2
= —X;=—X; = X=X

fx)=flx)) = X=X,V xi,x,€A (1)
Therefore, f(x) is one-one.

Onto Let y = = xy—-2y=x-1

X —

=5 xty —1) =2y -1 (1/2)

_—_> x:%}/._.h-_:l_ ...(i)
y —1

Since, xe R—{2},Vye R - {i}
So, range of f(x) =R — {1}

. Range = Codomain

Therefore, f(x) is onto. (1)
Also, from Eq. (i), we get
oy | _
Fp=2l pex=fy)
y =1 |
= i = 25 (1)
x-1

26. Show that the function f in

A=R- {3} defined as f(x) = X+ 3 s
3 6x — 4

one-one and onto. Hence, find f ™. pelhi 2013
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TA T J

ox — 4

2
Let x—.,xzeA=R-—{§};x1¢xz |

Given, f(x) =

One-one Consider, f(x;) = f(x,)
4, +3  4x, +3
6x,— 4 6x,—4
= (4%, + 3) (bx, — 4) = (4x, + 3) (bx, — 4)
= 24x%, — 16X, +18x, — 12
= 24x;X, — 16X, +18X%; —12

= —34x, == 34X, = X=X
So, f is one-one. (11%)
+3
Onto Let y=4x = 6xy — 4y =4x+3
| 6x— 4
= (by-4Hx=3+4y
3+ 4y 4 . 2
X= and y#—,i.e.y#—
= 6y — 4 d 6 3
21
eR-<—
’ {3}
Thus, f is onto. (1%)
Since, f is one-one and onto.
o 3+ 4y TN =L
= = =f (x)= (1)
s oy — 4 bx— 4

27. Consider f: R, — [4, =) given by f(x) = x* + 4.
Show that f is invertible with the inverse f*
of f given by f ™ (y) = \/y — 4, where R, is the
set of all non-negative real numbers.

All India 2013; Foreign 2011; HOTS

<> To show that f(x) is an invertible function, we
% will show that f is both one-one and onto
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28. Show that f : N — N, given by

_jx+1,if xisodd
f(x)_{x—l, if x is even

is bijective (both one-one and onto).
All India 2012

Given function is f : N — N such that

_|x+1 if xis odd
f(x)_{x-—L if xis even

One-one From the given function, we
observe that

Case |l When x is odd.

Let f(x)) = Fix;)
= M+l=x+1 = X=X,
f(x;) = f(x,)

= X; = Xy, V X3, X € N,
So, f(x) is one-one. (1)
Case Il When x is even.
Let Fix) = Flxy)
=> X, =1=X%, =1 = x,=X,

f(x) = f(x,)
=> X = Xy, V X3, X5 € N,

So, f(x) is one-one.

Hence, from case | and case Il, we observe
that, f(x;) = f(x,)

= X; =Xy, V X, X, €N

Therefore, f(x) is a one-one. (1)
Onto To show f(x) is onto, we show that its
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range and codomain are same.

From the definition of given function, we
observe that

fH=1+1=2
f2)=2 - 1 1
f3) = 3 ]
f(4)=4—-1=3and so on. (1)

So, we get set of natural numbers as the set of
values of f(x).

=3 Range of f(x) =
Also, given that codomain = N

[f N oo N ]
domain codomain

Thus, range = codomain
Therefore, f(x) is an onto function.
Hence, the function f(x) is bijective. (1

29. If f:R— Ris defined as f(x) = 10x + 7. Find

the function g : R— R, such that
gof = fog = I,. All India 2011

Given, f(x) =10x + 7
Llet y=10x+7 = 10x=y—7
y—7

= 1
- X i (1)

Get More Learning Materials Here : & m @) www.studentbro.in



X—7
10
Then, gof(x) may be written as

gof(x) = g[f(x)]=g(10x + 7)
10x+7—-7
— = X (1)

10
Also, fog(x) may be written as

fog(x) = flg(x)] = f (X — 7) =10 ["1_0 7) + 7(1)

Now, let g(x) =

10
= fog(x) = x
Hence, required function g:R — R is given by
X~ 7
(X) = ~—— 1)
g 10 (

30. Show that the function f : W — W defined by
n+1,ifnis even
fln) = .
n-1, if nis odd
Is a bijective function. . All India 2011C

Do same as Que19.

31. If f: R— Ris the function defined by
f(x) = 4x> + 7, then show that f is a bijection.
Delhi 2011C
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The given function is f : R — R such that

f(x) = 4x + 7
One-one
Let f(x)) = f(x,), V x5, X, € R
= g + 7= 40+ 7
= 4 =40 = x-x=0
= (=X 0P+ xx, +xD) =0
[+ &’ —b® =(a = bl(a® + ab + b%)]
Either Xy =Xy =0 cxsbh)
or X2+ XX, + X2 =0 .. (i)

But Eq. (i) is not possible as x;, x, e R (1/2)
X1 — X, =0 =X = X
Thus f(z‘ﬁ) = f(xg)

= X; =Xy, VX, X,€R
Therefore, f(x) is a one-one function. (1)

Onto To show that f(x) is an onto function,
we show that

Range of f(x) = Codomain of f(x)
Given, codomain of f(x) =R
Now, let y=4x*+7 = 4x° =y—-7

4
_ 7\
= X = (y—m) (i) (1/2)
4
From Eq. (iii), it is clear that for every ye R
we get x e R.
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Range of f(x) =R |
Thus, range of f(x) = codomain of f(x)

= f(x) is an onto function. (1)
Since, f(x) is both one-one and onto, so it is a
bijective. (1)

32. If Zis the set of all integers and Ris
the relation on Z defined as
R={(a,b):a,be Zand a - bis divisible by 5}.
Prove that Ris an equivalence relation.
Delhi 2010; HOTS

The given relation isR={(a, b):a, be Z and

a — b isdivisible by 5}. We shall prove thatR is
reflexive, symmetric and transitive.

(i) Reflexive As for any xe Z, we have
x — x =0 and 0 is divisible by 5.

= {x —x)is divisible by 5.

= (x, ) e R,V xe/Z

Therefore, R is reflexive. (1
(i) Symmetric As(x,y)e R, where(x,y)e Z

=  (x —y)is divisible by 5.
[by definition of R]

=5 x—y=5Aforsome Ae Z

=5 Y= X =5(—A)

=  (y— x}is also divisible by 5

= (y, x) e R

Therefore, R is symmetric. (1)

iit) Transitive As(x,y)e R ,wherex, ye Z
= (x — y)is divisible by 5.
= x—-y=5Aforsome Ae Z
Again, for (y, z) e R, wherey, ze Z
= (v — z)is divisible by 5.
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Again, for (y, z) € R, wherey, ze Z
= (y — z)is divisible by 5.

= y-—z=5Bforsome Be Z
Now, (x—y)+(y—z)=5A + 5B
— Xx—zZ=5(A+B)

= (x — z) is divisible by 5 for some
A+Be/

Therefore, R is transitive, (1%)

Thus, R is reflexive, symmetric and
transitive. Hence, it is an equivalence
relation. (1/2)

NOTE if atleast one of the relation is not satisfied,
we do not say it is an equivalence relation.

33. Show that the relation S in the set R of real
numbers defined as, S={(a b):a,be Rand
a < b3}is neither reflexive nor symmetric

nor transitive. Delhi 2010; HOTS

Given relation is
S={(a, b):a, beRand a< b’}
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(i) Reflexive As % < G] , where % e R is not

true.
= (l, 1) &S
3 3
Therefore, S is not reflexive. (1)

(i) Symmetric .As -2 < (3)°, where -2, 3 e R
is true but 3< (=2)° is not true.

e.(-2,3¢€S but(3, -2)¢$
Therefore, S is not symmetric. (1

)

where 3, E i e R are true but 3< (ﬂ)
23 3

I

(iti) Transitive As 3< (3) E
| 2 2

not true.
= (3 3)65 and(3 4)65
2 2 4
4
bUt [3, 5) & 5 (1 %)

Therefore, S is not transitive.

Hence, S is none of these, i.e. not reflexive,
not symmetric and not transitive. (1/2)

NOTE There are certain ordered pairs like (1, 1) for
which the relation is reflexive, so it is important to
pick example suitably.
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34. Show that the relation Sin set
A={xe Z:0< x<12}given by
S={(a,b):a,be Z |a - blis divisible by 4} is an
equivalence relation. Find the set of all
elements related to A All India 2010

The given relation is S={(a, b):|a—Db]| is
divisible by 4, where a, b € Z}

and A={x:xeZand0<x<12}
Now, A can be written as
A=1{0,123,...,12} (1/2)

(i) Reflexive As for any xe A, we get
| x — x| =0, which is divisible by 4.
=% (x, e$S,VxeA
Therefore, S is reflexive. (1)
(i) Symmetric As for any (x,y)e S, we get
| x — y| is divisible by 4.
[by using definition of given relation]
= |x-y|=4A, forsome A e Z
= |y—x|=4A, forsome L e Z

v vy, x)e$
Thus, (x,y)eS=(y,xeS, Vxyel
Therefore, S is symmetric. (1)
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(iti) Transitive Forany(x,y)e S and(y, z)e S,
we get|x — y|is divisible by 4 and |y — z |is
divisible by 4.

[by using definition of given relation]
= |x-y|=4Aand|y - z| =4y,
forsome A, pe Z
Now, x—z=(x-y)+(y— 2)

=+4h 4 =1t4\ +p)
= |x— z|is divisible by 4.
=5 (x,z)e S
Thus, (x,y)e$S and (y, z)e S
=% (x,z)eS,Vxvy,zeZ
Therefore, S is transitive. - (1)

Since, S is reflexive, symmetric and
transitive, so it is an equivalence relation.
Now, set of all elements related to

A=1{0,1,2,3,4,56,7,8,9,10,11,12} (1/2)
35. Show that the relation S defined on set N x N

by(a,b) Slc,d)=a+d=b+cisan
equivalence relation. All India 2010

Do same as Que 23.

36. Consider f: R, — [ 5, =) given by
f(x) = 9x? + 6x — 5, show that f is invertible

with f_l(}")=( ¥y +6 — 1]

3 Foreign 2010
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Given function is f :R, — [ 5, e0), such that
f(x) =9x% + 6x —5

We shall show that it is both one-one and

onto.

One-one

Let f(x;) = f(x,), X, x, €R,

= 9x? + 6x, —5-=9:»(§+6}<2 =3

=5 9x{?-9x§_+6x1—6x2=0

= 90X — x3) + 6(X; — X,) =0

= 9(x; = x5) (X; + x) + 6(x; — x,) =0

= {x, — le) 9% +9x, +6] =0

Now, either x; — x, =0

or 9%, +9x, +6 =0

But 9%, + 9x, + 6 =0 is not possible because
X;, X5 € R,

= X1=X=0 = x,=x,
Therefore, f(x} is a one-one function. (1)
Onto

Let y=9x2+6x-5

= 9%’ +6x=y +5 |

= 9 (xz + %5) =y+5
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3 9 9
N

= 9(}(4‘3—) -1=y+5

{ 1\2
=9 x+-| =y+6

. 3)

( i N+ 6
= X+ — :Y+6=>x+1= ol

. 3 9 3 3

[taking positive sign as x e R, ]
_4yt+6 -1
= 3 (D
From above equation, we get that for every
y € [-5, =), we have xe R,.

Range of f(x) = [-5, o)
Given, codomain of f(x) = [-5, o)
Thus, range of f(x) = Codomain of f(x)
Therefore, f(x) is an onto function. (1

Since, f(x) is both one-one and onto, so it is an
invertible function with

1) = WY +E 7 (1)

3
3%. Iff: X — Yis a function. Define a relation R

on X given by R={(a, b): f(a) = f(b)}. Show
that Ris an equivalence relation on X.
All India 2010C

= X
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The given relation is
R={(a, b):f(a=fb)}, f:X>Y
(i) Reflexive Since, for every x e X, we have
f(x) = f(x)
[by using definition of R, i.e. f(a) = f(b),
VabelX]
= (x,x)eR VxeX
Therefore, R is reflexive. (1)
(i) Symmetric Llet(x,y)eR Vx ye X
- Then, f(x) =fly) = fy)=f(x
X (x, yeR VxyeR
=% v, eR VxyeX

Therefore, R is symmetric. (1)
(ili) Transitive Letx, y, ze X

Then (x,yyeRand(y, z)e R

= f(x)=f(y),Vx,yeX ()

and fyy=1f(z),Yy zeX ..

From Egs. (i) and (ii), we get
=2, ¥Yx zeX

= (x, z)eR Vx ze X

Thus, (x, y)eR and (y, z) e R
= (x, Z)ER V x,y,ze X
Therefore, R is transitive. (1%%)

Since, R is reflexive, symmetric and
transitive. So, it is an equivalence relaticr..

1/2)
38. Show that a function f : R— Rgiven by
f(x =ax+b,a,be R,a #0is a bijective.
Delhi 2010C
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The given function is
fx)=ax+b;f:R—>R abeR a#0

To show that f(x) is a bijective, we show that
f(x) is both one-one and onto.

(i) One-one Let f(x;) = f(x;), V x, x; € R

=% ax,+b=ax, +b

=3 ax; = ax, = X; = Xy

Thus, f(x) = f(x,), V x5, X, € R

=5 X & Xy (1%2)

Therefore, f(x) is a one-one function.
(ii) Onto let y=ax+b

=% x=" £ ... (1)
a

From Eq. (i), it is observed that for every

yeR xeR

Range of f(x) =R
Also, given codomain = R
Thus, range of f(x) = Codomain of f(x)
Therefore, f(x) is an onto function. (1%%)
As f(x) is both one-one and onto, so it is a
bijective function. (1)

39. Prove that the relation Rin set
A={1,2,3,4, 5}given by R={(a,b):|a — blis
even} is an equivalence relation.  Delhi 2009
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The given relation is R={(a, b):|a—b| is
even} defined on set A= {, 2, 3, 4, 5}.
(i) Reflexive As|x—x|=0iseven,V xe A.

— x, )eR V xe A
Therefore, R is reflexive. (1
(i) Symmetric As (x,yY)eR = |x-y| is
even
[by the definition of given relation]
=5 |y — x|is also even
[-|a|=]|-a|,VaeR]
= (y, eR Vx,yeA
Thus, (x,y)eR
= v, eR Vx,yeA
Therefore, R is symmetric. (1)
(iii) Transitive As(x,y)eRand(y, z)e R
=% |x —y|isevenand|y — z|is even.

[by using definition of given relation]
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Now, |x-—y]iseven |

= xand y both are even or odd

and |y—x|iseven

= yand x both are even or odd.
Then two cases arises:

Casel Wheny is even.

Now, (x,y)eRand(y, z)eR.

= |x—y|iseven and |y - z|is even
= X is even and z is even

=3 |x — z|is even

[ difference of two even numbers is also
even|]

= (x, Z) e R (1/2)

Case Il Wheny is odd.

Now, (x, yye Rand(y, z) e R

= |x-—y|isevenand|y - z|is even
= x is odd and z is odd

=3 | x — z|is even
[.- difference of two odd numbers is even]
= (x, z) e R (1/2)

Thus, (x,y)eR and (y,z)eR
— (x,Z)eR VX, y,Zz€e A
Therefore, R is transitive. (1/2)

Since, R is reflexive, symmetric and
transitive. So, it is an equivalence relation.

(1/2)
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40. 1ff :N — N is defined by

[E+—I,.if nis odd

f(n) = z forallneN.
_r}_’ if nis even
¥,

Find whether the function f is bijective.
All India 2009

The given function is f : N — N such that

”;1, i sioda

f(n) =<

n i o d
—, ifnis even

(i) One-one
Let

f(1) = n+1

el =1 {putn=iinf{n)=—2—

F3

N | N

-

—

and f(2)=%=1 [putn=2inf(n)=£

2 2|

f(n) is not a one-one function because at

two distinct values of domain (N), f(n) has

same image. (1%2)

(ii) Onto If nis an odd natural number, then
2n — 1is also an odd natural number.

Mow.  fBa-1=0 ey

_ > ... (1)
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Again, if nis an even natural number, then
2n is also an even natural number. Then,
- 2n .

f(2n)=7:n ...(ii)

From Egs. (i) and (ii), we observe that for
each n (whether even or odd) there exists
its pre-image in N.

i.e. Range = Codomain

Therefore, f is onto. (1%2)
Hence, f(x) IS not one-one but it is onto.
So, it is not a bijective function. (1)

41. Show that relation Rin the set of real
numbers, defined as R={(a, b):a <b*}is
neither reflexive, nor symmetric nor
transitive. Foreign 2009

Do same as Que 33.

42. If the function f : R— Ris given by
f(x) = x* +3x+1and g : R— Ris given by

g(x) = 2x = 3, then find (i) fog and (ii) gof.
All India 2009, 2008C
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Given, f : R— Rsuch that f(x) = x* + 3x + 1and
g: R—)Rsuch that g(x) = 2x - 3.
(i) (fog) (x) = flg(x)] = f2x-13)
=(2x =3+ 32x=3) +1
[+ f(X) = x* + 3x + 1, 50 replace x
by 2x — 3 in f(x)]
=4x° +9 -12x+6x-9 +1
= 4x* - 6x + 1 (2)
(ii) (gof) (x) = g[f(x)] = (x +3x+1)
:[Z(X +3x+1)]-3

[- g(x) =2x -3, so replace x by
x>+ 3x + 1in g(x]

=2x* +6x+2 -3
=2x* +6x—1 (2)
43. |f the function f : R— Ris given by
fix) = —3—3andg R— Ris given by

g(x) = 2x — 3, then find
(i) fog and (ii) gof. Is f ™+ =g?
Delhi 2009C; HOTS
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Given f:R— R such that f(x)z? and

g :R— Rsuch that g(x) = 2x - 3.
2x—-3)+3
3

(i) (fog) (x) = f[gX)] = f2x—3) =

[+ 1) = 5—;—1 so replace x
by 2x — 3 in f(x)]
= (o)== - (%)
(i) (gof) (x) = g[f(x)]
X+3 X+3
- =12 =3
. ( 3 ] { ( 3 ]]

[ g(x) = 2x — 3, so replace x by -{-—;—%

in g(x]
_2x+b __3:2x+6—9
3 3
= (gof)(x) = 2:-3 (1%)
Now, we find f~'. For that, lety = 2 3
£33 Jy=x+3 = x=3y-3
f~y) =3y —3 [ 2= £ )]
or f~l(x)=3x -3
But g(x) =2x — 3.
f~'#g (1)

NOTE ' =gexists, only if gof =1, and fog =1,.
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